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Abstract 

We investigate the SO(10) grand unified model with generation flipping. The 
model contains one extra matter multiplet ip(10) and it mixes with the usual mat- 
ter multiplets ^(16) when the SO(10) is broken down to SU(5). We find the 
parameter region of the model in which the observed quark masses and mixings 
are well reproduced. The resulting parameter region is consistent with the obser- 
vation that only ^(16) have a source of hierarchies and indicates that the mixing 
between second and third generations tends to be large in the lepton sector, which 
is consistent with the observed maximal mixing of the atmospheric neutrino oscilla- 
tion. We also show that the model can accommodate MSW and vacuum oscillation 
solutions to the solar neutrino deficit depending on the form of the Majorana mass 
matrix for the right-handed neutrinos. 



1 Introduction 



The grand unified theory (GUT) ]!]] is a very attractive idea which unifies all gauge in- 
teractions of the standard model (SM) and explains otherwise peculiar U(l) hypercharge 
assignments. In particular, its supersymmetric (SUSY) version has achieved great 
successes of gauge coupling 0] and b — r Yukawa coupling M unifications, so that various 
SUSY GUT models have been proposed so far. 

Recently, Super-Kamiokande Collaboration has reported convincing evidence for at- 
mospheric neutrino oscillation with mass squared difference Sm^ tm ~5x 10~ 3 eV 2 and 
nearly maximal mixing angle sin 2#atm > 0.8 §. In the SUSY SM, neutrino masses come 
from the effective superpotential 

3 K .. 

W *s = E Tj-hljH u H u , (1) 

i,j=l n 

where k,H u are SU(2)^-doublet lepton chiral multiplets and the Higgs doublet chiral 
multiplet giving masses for the up-type quarks, respectively. Here, i,j = 1, • • • , 3 are 
generation indices, Kij denote dimensionless coupling constants and Mr is the scale at 
which this operator is generated. The observed mass squared difference Sm1 tm implies 
that the scale Mr is substantially lower than the gravitational scale Mq — 2.4 x 10 18 GeV. 
Thus, it is natural to think that these effective operators arise from virtual exchange 
of some heavy fields of masses Mr through see-saw mechanism B. This motivates 
SO (10) GUT's 0, which attain complete unification of all quarks and leptons in a single 
generation together with the right-handed neutrinos. 

The minimal version of SUSY SO (10) GUT contains three generations of quarks 
and leptons ipi(lG) belonging to 16 of the SO(10)gut and one Higgs if(10). This 
minimal model is known to yield a mass degeneracy of up-type and down-type quarks 
and vanishing quark flavor mixing (CKM || mixing) ||, so that it should obviously 
be extended in order to be reconciled with the observed pattern of quark masses and 
mixings. However, these predictions are not altogether ridiculous as a zero-th order 
approximation (though not fully realistic) in the quark sector, since both up-type and 
down-type quarks have hierarchical mass patterns and the CKM mixings are all small 
in nature. What requires large deviation from these predictions seems only the large 
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mixing observed in the atmospheric neutrino oscillation. Thus, we would like to extend 
the minimal SO(10) model to be able to accommodate the large mixing in the lepton 
sector, keeping their successful approximate relations in the quark sector. One way to 
achieve this extension is to slightly modify SU(5)-5* components of ^(16) (nonparallel 
family structure [fT0|l).f| Since 5* of the standard SU(5)gut contains right-handed (down- 
type) quarks and left-handed leptons, this modification is directly transmitted only to 
the lepton flavor mixing matrix (MNS |12] matrix). As for the quark sector, the effect 
of the modification is transmitted to the CKM matrix through a diagonalization of the 
down-type quark mass matrix, inducing small CKM mixings. 

In a previous paper, Yanagida and one of the authors (Y.N.) have proposed a SO(10) 
GUT model which can accommodate realistic quark and lepton mass matrices along 
the above line of reasoning [JTTJ. The model contains one extra matter multiplet i[)(10) 
belonging to 10 of the SO(10)gut and it mixes with three ^(16) when the SO(10)gut 
is broken down to SU(5) flH| . As a result, the low-energy quarks and leptons are three 
linear combinations of ^-(16) and ^(10), and realistic masses and mixings are obtained 
with the right-handed neutrino Majorana mass matrix proportional to the unit one. 

In this paper, we extend the previous model |13j and investigate whether it can really 
accommodate the observed values of quark masses and mixings quantitatively. We find 
that the model reproduces well the observed quark masses and the CKM matrix elements. 
The resulting parameter region is consistent with the observation that only ^(16) have a 



source of hierarchies such as U(l) flavor symmetry charges fl5 |. Furthermore, we discuss 
flavor mixings in the lepton sector under certain simplifying assumptions. We find that 



the model can naturally explain the observed atmospheric neutrino deficit [16|, [5j and 
solar neutrino deficit [17|, [I8j by the neutrino oscillation |19|, |I2]| . The resulting mass 
squared differences and mixing angles depend on the form of the Majorana mass matrix 
M/v- We consider two cases that is proportional to the unit matrix and that it 
has a hierarchy consistent with the above observation that only ^(16) have a source of 
hierarchies. 

This paper is organized as follows. In section 2, we briefly review the model in 
Ref. and slightly extend it removing unwanted mass degeneracy between down-type 
1 For other attempts to realize realistic quark and lepton mass matrices in SO(10) GUT, see Ref. ffl|. 
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quarks and charged leptons. In section 3, we investigate the model and find a parameter 
region where it is consistent with all the observed quark masses and mixings including 
a CP-violating phase. We discuss masses and mixings in the lepton sector, particularly 
solutions to the solar neutrino deficit, in section 4. Section 5 is devoted to our conclusions. 
We also add an appendix, in which we give a detailed derivation of quark and lepton 
mass matrices in the model. 



2 The model 



In this section, we explain the model proposed in Ref. |13| and set up the framework for 
the phenomenological analyses given in the next section. 

The model has three generations of ^(16) and one ^(lO) as matter multiplets. We 
take a basis where the original Yukawa coupling matrix of the Higgs field H(10) to the 
matter fields ^(16) is real and diagonal: 

1 3 

^ = rEfti ^(16) ^(16) #(10). (2) 

1 i=i 

This leads to a diagonal mass matrix for the up-type quarks as 

(m u 0\ 

M u = m t m c , (3) 

V o o 1) 

where m u and rh c are defined as 

m u = m u /m t , m c = m c /m t , (4) 

and m u , m c and m t are given by 

m u = h x (5h ) , m c = h 2 (5 H ) , m t = h 3 (5 H ) • (5) 

Here, 5# is a SU(5)-5 component of if (10). At this stage, the down-type quark mass 
matrix Md/i and neutrino Dirac mass matrix M V £> are completely the same with M u 
except for the difference between the vacuum expectation values of the Higgs fields. 

We now assume that the SO(10)gut is broken down to SU(5) by condensation of 
Higgs (x(16)) = (x(16*)) = V with V being ~ 10 16 GeV. This GUT breaking also 
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#(10) #(16) #(16*) X (16) X(16*) ^(16) ^(10) 



R 



















Table 1: U(1)h charges, 
induces a mass term for the matter multiplets through the following superpotential: 

W = £ fa** ^(16) V(10) (X(16)) . (6) 

i=l 

Namely, a linear combination 5* oc X)?=i /i eM?i 5*' in ^(16) receives a GUT scale mass 
together with 5^, in ?/>(10), and the other two linear combinations, 5* and 5g, in ^(16) 
remain as massless fields. The relation between these fields can be parametrized as 







( e -iSi 




- 













(7) 



without a loss of generality (see appendix). Here, ai,a 2 and 8^ are functions of /j and 
r/j. Thus, the low-energy quark and lepton fields belonging to 5* of SU(5) are 5*, 53 and 
SU(5)-5* of if) (10) (i.e. 5^), so that the relations M u = M v d oc Ma/i are removed. 

The down-type quark mass matrix is, however, incomplete, since 5^ does not have 
any Yukawa coupling to #(10). To solve this problem we introduce a pair of Higgs 
#(16) and #(16*) and consider a superpotential^ 



W — X #(10) #(16*) x(16*) + MH (16) #(16* 



(8) 



U(l) #symmetry may be useful to have this form of superpotential. The U(l)# charges 
are given in Table [1]. The GUT condensation (x(16*)) 7^ induces a mass mixing 
between 5*'s of #(10) and #(16) (i.e. 5*h{w) and 5|w 16 )). Thus, a linear combination 



>R 



tan 9 



cos6h* H[w) + sin#5*y (16) , 
A (x(16*)> 



M 



(9) 
(10) 



2 We can take A and M to be real using phase degrees of freedom in if (16) and H(16*). Strictly 
speaking, <pi in Eq. (O) are defined in this basis. 
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remains as a massless Higgs in the standard SU(5)gut and contributes to the quark and 
lepton mass matrices. Then, 5^ can couple to 5% through the superpotential 

W = jz gi^ ^(16) ^(10) #(16), (11) 

i=l 

and the down-type quark and charged-lepton mass matrix is given by 



— m u sinai xe^ x m u cos ai sin a 2 



, , cos 6 I i 

M d /i = m t - | m c cosai ye Vv m c sin ai sm a 2 | • (12) 

z cos «2 



tan /3 



Here, tan/3 = (5 H ) / (5#) and 



x = ^-ta,n6, y = ^t&nO, z = ^-tan#, (13) 
h h h 3 



>x — <p\ 



35i + 5 2 + 5 3 , y = 02 - 03 + 35i - S 2 + S 3 , (14) 



(for a detailed derivation, see appendix). Note that in the present model tan/3 can take 
a value in a wide range due to the presence of cos 6* in Eq. (|T2|). 

The Dirac mass matrix M u d for neutrinos is also incomplete, since 5^ never couples to 
SU(5)-singlets of ^(16) (i.e. lj). However, the following nonrenormalizable interactions 
give desired couplings: 

3 9(16*) 
W = ^ ^(16) V(10) ff(10)^— -i. (15) 

i=l M G 

Together with the original couplings in Eq. (0), the nonrenormalizable interactions 
Eq. (H) yield 



/ — m u sino;i S x e t<Px m u e %LPu cosai sina 2 

m c e l ^*cosai ^e^* m c e llpv sin «i sin a;2 |. (16) 
\ 5 z e iv * e^™ cos a 2 



Here, 



r M*(10*)) r fe 2 <X(16*)) fc 3 (X(16*)) 

' /is M G ' dy h 3 Mq ' ' 2 h 3 Mq ' U0 

V^x = <Pi + Si - 5 2 , <p y = (f2 + Si - S 2 , (p z = <p 3 + Si - 5 2 , 

<p t = 2S 2 , ip u = -3*i -S 2 - 25 3 , (18) 
= -35i + S 2 - 25 3 , ip w = -S 3 , 
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(see appendix). Notice that 8 X , S y , 5 Z ~ O(10~ 2 ) as long as ki/h 3 = 0(1). The Majorana 
masses for the right-handed neutrinos 1, are given by the following nonrenormalizable 
superpotential: 

w =\ii ^^(16)^(16) gag^gg:) . (19) 

i,j=l G 

After the SO(10)gut breaking we obtain the Majorana mass matrix for the right-handed 
neutrinos, 

(M N ) tJ = ^M R , (20) 

where Mr = \ V 2 /Mg- Then, the mass matrix M v for the light neutrinos is given by 
M v = MJjjM^Mvd through see-saw mechanism [HI. 

Now, we have SU(5)-invariant mass matrices M u , M d n and M v . However, they yield 
wrong SU(5)gut mass relations, m M = m s and m e = rrid, so that we have to remove 
these unwanted mass relations in order to obtain realistic quark and lepton masses. It 
can be done by introducing SU(5) breaking effects into M d /i 0]. We assume that the 
SU(5) is broken down to the SM gauge group by a Higgs multiplet £(45) belonging to 
45 of the SO(10)gut- Then, if £(45) has nonrenormalizable interactions to the matter 
and Higgs fields, the SU(5) breaking effect of order (£(45)) /M G can be transmitted to 



the quark and lepton mass matrices pl| . For this purpose, we introduce the following 
nonrenormalizable superpotential: 

W = E ^(16) iKlO) #(16) MJ^. (21) 

i=l M G 

We consider that only (1, 2) and (2, 2) components of the down-type quark mass matrix 
Md and the charged-lepton mass matrix Mi are modified from those of M^n for simplicity, 
since the value of z which gives realistic masses and mixings is relatively larger than 
those of x and y as we shall see later. We represent these modified components with the 
subscript d and I (i.e. x d ,y d ,(f) xd ,<f)y d ,Xi,yi,(f) xl and <p yl ). 

With the mass matrices M u , M d , Mi and M Vl we can reproduce well the observed 
quark and lepton flavor structure. In the next section, we search a parameter region of 
M u and M d which gives the observed quark masses and mixings including a CP-violating 
phase. 
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/j,= m z 


/J, = M G ut 




2.2 ±0.7 MeV 


0.98 ± 0.31 MeV 


m c (/i) 


626 ± 106 MeV 


279 ± 47 MeV 


m t (/i) 


175 ±6 GeV 


110 ± 19 GeV 


m d (fx) 


4.1 ± 1.1 MeV 


1.2 ±0.3 MeV 


m a {ji) 


85 ± 19 MeV 


24 ± 5 MeV 


m fc (/i) 


3.02 ±0.19 GeV 


1.01 ±0.06 GeV 


m e (/i) 


0.487 MeV 


0.325 MeV 




102.7 MeV 


68.6 MeV 


m T (ii) 


1.747 GeV 


1.171 GeV 



Table 2: The running quark and lepton masses evaluated at the energy of Z-boson mass 
m z ||, H, H and the GUT scale M GUT ~ 2 x 10 16 GeV fH- 





[L = m z 


/i = M GUT 


iyCKM)us{^) 
(yCKM)cb{n) 
(VcKMjub/ (VcKM)cb(n) 


0.215 ~ 0.224 
0.036 ~ 0.043 
0.060 ~ 0.12 


0.215 ~ 0.224 
0.031 ~ 0.037 
0.061 ~ 0.12 


Jckm{h) 


(1.5 ~ 4.4) x 10~ 5 


(1.1 ~ 3.3) x 10~ 5 



Table 3: The observed CKM parameters (at fi ■ 
values at the GUT scale M GUT ~ 2 x 10 16 GeV |3 



m z ) 



2l 25 and their RG-evolved 



3 The masses and mixings in the quark sector 

The quark masses are estimated using various methods such as QCD sum rules. However, 
the estimated quark masses still have some uncertainties. In our analysis, we adopt the 
running quark and lepton masses evaluated at the energy of Z-boson mass given in 
Table |2| [23|, ^| to constrain the mass matrices derived in section 2. 

The CKM mixing angles are specified by three real parameters (Vckm)us, (VcKM)cb 

CP vi- 



and (VcKM)ub/(VcKM)cb whose observed values are given in Table y |22|, [2 
olation effects are parametrized by the quantity called Jarlskog parameter Jqkm p6| 
defined by J C km = ^{{VcKM)ud{VcKM)l d { v CKM)tb{VcKM)* ab }, which is independent of 
phase conventions of the SM fields. The value of Jckm obtained from neutral meson 
experiments is given in Table |3] [2~5|. In the following, we search a parameter region of 
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the model consistent with these observed masses and mixings. 

To compare with the mass matrices obtained in section 2, we have to use renormal- 
ization group (RG)-evolved values of the masses and mixings at the GUT scale. We 
assume particle content of the minimal SUSY SM between the weak scale and the GUT 
scale. Then, the GUT scale values are not sensitive to the precise mass spectrum of the 
SUSY particles and also to tan j3 as long as it has a moderate value 5 ^ tan j3 ^ 30 P7| . 
Thus, we fix a value tan /3 — 10 for simplicity. The obtained masses and mixings at the 
GUT scale using two-loop RG equations for the Yukawa couplings are given in Table |2] 
and [3] [p3~| . We will use these values to constrain the parameter space of the model.[] 

Now, we search values of Xd,yd, z,ai,a2,4> x d,(t ) yd which reproduce down- type quark 
mass ratios in Table [| 32.8 < mb/m s < 56.3 and 12.7 < m s /md < 32.2, and all the 
CKM parameters given in Table |3|. We take rh c to be m~ 1 (McuT) = 394 (central value) 
and 279 (lowest value) in order to show the dependence of the results on up-type quark 
masses at the GUT scale. The results hardly depend on rh u due to its smallness, so that 
we fix ?ti^ 1 (Mgut) to be its central value 112244. 

We find a parameter space which reproduces all quark masses and mixings including 
a CP-violating phase. The parameter region of Xd and y& is shown in Fig. |1|. As is 
readily seen, the slope of this Xd-yd graph roughly gives the reciprocal of the Cabibbo 
angle ~ (0.22) -1 . Since ratios of Xd,yd and z are related to the CKM mixing angles, we 
find that Xd,yd and z also have hierarchical structure. Indeed, the region of z is around 
0.02 < z < 0.12. The required hierarchy is milder than that of h±, ]\2 and /13, and can be 
roughly parametrized as 

hi : h 2 : h 3 ~ e 4 : e 2 : 1, 

(22) 

x d ■ yd ■ z ~ 9i-92-93 - e 2 : e : 1, 

with e = O(0.1). This may indicate that only ^(16) have a source of hierarchies such as 

U(l) flavor symmetry charges (see Eqs. (0, [[]])). To reproduce the observed CP violation 

(the value of Jckm given in Table <p y d has to be around 37r/2 (10^/8^0^^ 157r/8 

in both cases of m™ 1 = 394 and rh~ l = 279). The results hardly depend on <p x d, since 

3 The GUT scale value of mt is highly dependent on the input value of n%t{mz), especially in the 
case that m t {mz) ^ 180 GeV. As we shall see, however, our qualitative conclusions hardly depend on 
the value of m t (McuT)- 
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it can be transferee! into the phase of rh u by an appropriate phase rotation of the quark 
doublet (u, d) and rh u is very small. 

The parameter region of ot\ and «2 (0 < aci, oli < 7r/2) is shown in Fig. |2|. We find 
that both a\ and «2 are close to 7r/2 (cos«i ~ cos«2 = O(O.l)). This implies that the 
extra matter multiplet ip(10) is dominantly coupled with ^3(16) in the superpotential 
Eq. (§|)^ The hierarchy of the couplings is roughly 

cosaiCOS«2 : sinaiCOsa2 : sina 2 = fi'- jz — e 2 : e : 1, (23) 

which also is consistent with the above observation that only ^(16) have a source of 
hierarchies (see Eq. (|])). 

Finally, we plot the down-type quark mass ratios mi,/m s and m s /m^ as functions of 
zj cosa2 in Fig. [5]and|], respectively. We have ascertained that m^jm s and m^/m^ take 
any value in a range 32.8 < mb/m s < 56.3 and 12.7 < m s /rrid < 32.2, so that there is 
no relation between them. Note that the allowed region of zj cosa2 is hardly dependent 
on m" 1 , since z and cos respond to the change of rh~ l in the same way. Thus, our 
qualitative discussion below is almost independent of m" 1 (Mgut) • The quantity zj cos «2 
almost corresponds to the tangent of the MNS mixing angle, tan #^3, between second and 
third generations, since it dictates the mixing between left-handed charged leptons of 
second and third generations. Actual mixing angle is the sum of it and an additional 
contribution from neutrino mass matrix M v . Considering that 5 Z is given by Eq. ( |17D and 
/i3 = 0(1), the additional contribution can be of order the Cabibbo angle. Thus, if two 
contributions are added up constructively, the region zj cos a 2 ^ 0.4 is consistent with 
the observed near maximal mixing of the atmospheric neutrino oscillation [y^ «-> v T ) 
fT6| , ^] .Q We find that significant region is consistent with the large angle between and 



If some components of the down-type quark mass matrix other than (1,2) and (2,2) ones are 
modified by nonrenormalizable interactions, the parameter region of (ai,^) is not necessarily very 
close to (7r/2, 7r/2). This possibility will be considered elsewhere. 

5 Even if we have no contribution from neutrino sector, the region zj cos«2 ~ 0.6 is consistent with 
the observed near maximal mixing of the atmospheric neutrino oscillation, sin 2 20^3 ^ 0.8. In this case, 
relatively large value of mi, / m s is favorable. 
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4 The masses and mixings in the lepton sector 



In this section, we discuss the lepton sector of the model taking m" 1 and rh^ 1 to be 
their central values for simplicity. First, we begin with the charged- lepton masses whose 
precise values are known experimentally as in Table 0. The mass matrix for the charged 
leptons is different from that for the down-type quarks due to the presence of nonrenor- 
malizable interactions Eq. (|2l|). We assume that the nonrenormalizable interactions 
Eq. (|2l| ) modify only (1, 2) and (2, 2) components of the mass matrices. Thus, we search 
a parameter region of x\ and yi which can well reproduce the known lepton mass ratios 
at the GUT scale, m T /m^ = 17.07 and m^/rrie = 211.1, using the values of z, ot\ and a 2 
obtained in section 3 which reproduce the quark mass ratios and the CKM parameters. 

The resulting region of x\ and y\ is given in Fig. [5] together with that of Xd and yd 
obtained in Fig. |l]. We find that there is significant region consistent with the observed 
charged-lepton masses. The preferred region is x\ ~ Xd and yi ~ 3yd, which agrees with 
the earlier observation [p0|| . Thus, we conclude that the presence of nonrenormalizable 
interactions Eq. (|2T|) with g[ = 0(1) is sufficient to remove unwanted SU(5)gut mass 
relations, m M = m s and m e = rrid, also in the present model. 

Next, we discuss the neutrino masses and mixings qualitatively. We call the mass 
eigenstates for three neutrinos Ui, v 2 and z/ 3 such that m Vl < m V2 < m U3 . In the present 
model, we have a mass hierarchy m U2 <C m Vz due to the fact that 5 X , 5 y , 5 Z ^ 10~ 2 . Then, 
the data of atmospheric neutrino oscillation [y^ <-> u T ) from Super-Kamiokande implies 
that m vz ~ 7 x 10~ 2 eV. The neutrino mass matrix M v is given by M v = M^ D M^ l M V £). 
Thus, the scale Mr of the Majorana masses is determined as Mr ~ 10 12 — 10 13 GeV, 
which is close to the natural scale derived from Eq. (|I^) with j'33 = 0(1). The observed 
maximal mixing is also naturally obtained as a result of fitting quark masses and mixings. 
In the following, we discuss the implications of the model on the solar neutrino deficit. 
For simplicity, we ignore CP-violating effects in the lepton sector and take all values 
appear in the neutrino mass matrix to be real, tp x = <p y = (p z = <p t = fu = ¥>v = ¥>w = 

or 7T. 

The observed solar neutrino deficit is explained by either matter-enhanced neutrino 
oscillation (MSW solution or the vacuum oscillation solution |2P| [y e <-» v^v T \ 
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solutions 


5m 2 sol 


sin 2 29 sol 


m V2 jm v . A 


small angle MSW 


(4 - 12) x 1(T 6 eV 2 


(2 - 12) x 10~ 3 


~ 0.03 


large angle MSW 


(8 - 25) x IO" 6 eV 2 


0.5-0.8 


~ 0.05 


vacuum oscillation 


(6 - 7) x 10- 10 eV 2 
(4 - 5) x 10- 10 eV 2 
(5 - 9) x KT 11 eV 2 


0.8-1.0 
0.7-1.0 
0.6-0.9 


~ io- 4 
~ io~ 4 
~ io- 4 



Table 4: The allowed regions of mass squared differences and mixing angles which re- 
produce the observed solar neutrino deficit in terms of the neutrino oscillation 
We have also shown mass ratios m U2 /m u:j under the mass hierarchy m U2 <C m U3 



, 31 



Then, the allowed regions of mass squared differences and mixing angles are as shown 
in Table |] |30, 3~Ifl . The MSW solution has two distinct regions, that is, the small and 
the large angle ones. Below, we investigate which solutions the model can realize in two 
cases that the neutrino Majorana mass matrix Mat is proportional to the unit matrix 
or that it has a hierarchy consistent with the observation that ^(16) have a source of 
hierarchies. The RG effects between the GUT scale and the weak scale are negligible for 
our qualitative argument, so that we evaluate the masses and mixing angles at the GUT 
scale and compare them with the observed values given in Table [|. 



4.1 The case of unit Majorana mass matrix 

We first consider the unit Majorana mass matrix case; 

(I 

M N = Mr 




(24) 



Here, we simply assume that is proportional to the unit matrix for some reasons in 
the basis that the original Yukawa couplings are diagonal, and regard 8 X , 8 y and 5 Z as 
free parameters. Then, the neutrino mass matrix, M u = M^M^ 1 M u d, is given as 



M,. 



mi 



M 



R 



I —m u s\ m c c\ 
5 X 5 y 5 Z 

\m u cis 2 m c sis 2 c 2 



5, 



5,, 



mi 



( 



M, 



R 



m 2 u c\ 
-m u 8 x + m c 5 y ci 
m\c\ 



( -m u si 
m c d 
S z 

-m u 5 x + m c b y c x 
81 + 81 + 81 



\ 



m u c 1 s 2 \ 
m c s 1 s 2 
c 2 J 



m\c\ 



\ 



m u 5 x ci + m c 5 v + 5 z c 2 



m u 8 x ci + m c 8 v + 8 z c 2 



G25) 



11 



where = cosctj and Sj = sinctj (z = 1, 2). 

The contribution to the mixing angle between second and third generations from the 
neutrino mass matrix Eq. (|25|) is given by 9" 3 ~ S z /c 2 . In view of c 2 = O(0. 1), we choose 
5 Z ~ e 2 to give naturally the near maximal mixing in the atmospheric neutrino oscillation 
(see discussion at the end of section 3). Then, the relevant mass ratio and mixing to the 
solar neutrino oscillation are given as 

^ ~ % ~ % (26) 
m U3 c l 2 e 2 

# e2 r ~ Y> ( '> 

Oy Oy 

as long as S x ^ 5 y and 5 y is not very small compared with 5 Z . 

From Eq. fl2"6|) , we find that if we choose 5 y ~ e 2 we obtain the mass ratio consistent 
with the MSW solutions. Then, the mixing angle Q v e2 is of order of e from Eq. (|27|). 
The actual mixing angle is the sum of Q v e2 and the corresponding contribution from 
charged- lepton mass matrix 6 l e2 . Since analyses of the previous section indicate 6 l e2 — 
0.04 — 0.19, the resulting mixing angle is consistent with the small angle MSW solution 
if two contributions are added up destructively, while it cannot reach that of the large 
angle MSW solution even if two contributions are added up constructively. The required 
cancellation is rather mild such that the reduction of factor two or three is sufficient. We 
also mention that the mixing angle 9 e ^ is small, so that it is not conflict with the result 
of long baseline reactor neutrino oscillation experiment (CHOOZ), 8 e ^ ^ 0.22 [32]. 

If we choose 5 y ~ e 3 , on the other hand, both mass ratio and mixing angle are 
consistent with vacuum oscillation solution. The reason for this coincidence can be traced 
back to the fact that the required neutrino mass ratio m V2 /m V3 ~ 10 -4 is approximately 
equal to (m c /m t ) 2 as predicted by a simple (unit M^) see-saw model in the SO(10) 
GUT. That is, if we intend to obtain large solar-neutrino mixing angle we have to 
choose 5 y ~ m c ci, and then we necessarily have the mass ratio m U2 /m U3 ~ Sy/c 2 . ~ m 2 . 



The resulting MNS matrix has the so-called bi-maximal form j33| , [TBI and evades the 
constraint from CHOOZ experiment. We note that this vacuum oscillation solution is 
realized with k\ : k 2 : — e 2 : e : 1 which is implied by the hierarchy Eqs. (22. |23|) (see 
Eq. pi)). 
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4.2 The case of hierarchical Majorana mass matrix 



If -01 (16) have a source of hierarchies indicated by Eqs. (|22| , p3"D , it is natural to think 
that the Majorana mass matrix Mjy also has hierarchy consistent with it. Thus, we 
consider the case where the Majorana mass matrix has the hierarchical form; 

/e 4 e 3 e 2 

M N ~ Mr 



e 2 e | , (28) 



,3 c 2 

up to order-one coefficients. 

In this subsection, we stick to the possibility that ^(16) have a source of hierarchies 
indicated by Eqs. (|22| , |23|) , so that we assume that k\ : k 2 : k% ~ e 2 : e : 1. Considering 
that 5 Z ~ e 2 in order to give naturally the near maximal mixing between and u T , 
elements of the M V £> have the following order of magnitude: 

5 x ~e 4 , S y ~e 3 , <5,~e 2 . (29) 

Then, the neutrino mass matrix, M v = M^ D M^ 1 M vD , is given as 



m 



2 / e 4 m 2 m u e 3 m u m c 



M„ ~ — m u e 4 em c | , (30) 

Mr I _s ~ ~ —2-2 

1 e m„m r em r e mi 



c 



where m u = m u + em c c\ and m c = m c + ec2. This gives the relevant mass ratio and 
mixing to the solar neutrino oscillation as 

c 6 



~ h = 7-—7^ (31) 



m u:j (m c + ec 2 ) 

m n m u + em c ci 
6 e2~^r = ~ 4 • (32) 

From Eq. ([31]) , we obtain m U2 /m U3 ~ 10 -2 — 10 _1 , which is consistent with both small 
and large angle MSW solutions. Also, the angle is given as Q v e2 ~ 0.1 — 1 from Eq. (^), so 
that we can reproduce the large angle MSW solution naturally. To reproduce the small 
angle solution, Q v e2 and 9 l e2 have to be added up destructively, but the required cancellation 
is mild. (The reduction of factor three to five is sufficient.) Thus, we conclude that the 
the model can accommodate both large and small angle MSW solutions in the case of 
the hierarchical Majorana mass matrix. 
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5 Conclusions 



In this paper, we have investigated the SO(10) GUT model with generation flipping. 
The model contains one extra matter multiplet ip(10) in addition to the usual matter 
multiplets ^(16), and it mixes with ^(16) when the SO(10)gut is broken down to 
SU(5) by the vacuum expectation values of and x(16*) fields.^ The low-energy 

quarks and leptons are three linear combinations of ^(16) and ^(lO). 

We have found the parameter region of the model in which the observed quark masses 
and mixings are well reproduced. The required hierarchies of the coupling constants are 
consistent with the observation that only ^(16) have a source of hierarchies such as U(l) 
flavor symmetry charges. As for the lepton sector, the model can reproduce the charged- 
lepton masses if there are suitable nonrenormalizable interactions which introduce SU(5) 
breaking effects into M^n- The obtained charged-lepton mass matrix indicates that the 
mixing between second and third generations tends to be large in the lepton sector, which 
is consistent with the observed maximal mixing of the atmospheric neutrino oscillation. 

We have also discussed neutrino masses and mixings qualitatively. We have consid- 
ered two cases that the Majorana mass matrix for the right-handed neutrinos is 
proportional to the unit matrix and it has the hierarchical form. In the former case, 
the model can accommodate small angle MSW solution and vacuum oscillation solu- 
tion to the solar neutrino deficit, depending on the values of the coupling constants ki. 
The vacuum oscillation solution is realized when ki have the hierarchy indicated in the 
quark sector, and the resulting MNS mixing matrix has the form of so-called bi-maximal 
mixing. 

In the latter case, the model can accommodate both small and large angle MSW 
solutions and the parameter region is consistent with the hierarchy required in the quark 
sector. It is remarkable that the single anomalous U(l)x flavor symmetry with the 
field which has the vacuum expectation value of order 10 17 GeV realizes this possibility.] 7 ] 
Then, the operators in the superpotential have suppression factors of appropriate powers 

6 This structure may be realized in a framework of Eg GUT JTfJJ . 

7 The nonrenormalizable operators in Eq. (^Tj) might be generated via exchanges of some heavy 
fields, so that they are suppressed by the mass scale of the heavy fields instead of Mq. We think that 
the masses for these heavy fields, the GUT scale V and the mass M are not related to the anomalous 
U(l)x breaking scale, ((f)). 
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Vi(16) ^2(16) $,(16) ^(10) #(10) X (16) x(16*) 





U(l)x 


2 1 


-1 



Table 5: U(l)x charges. The other fields have vanishing charges. 



of (0) /Mq — e depending on their U(l)x charges [ 35| . An example of the U(l)x charges 
for various fields is given in Table [5].0 Note, however, that this U(l)x alone is incomplete 
to obtain the superpotential of the present model, since we have to suppress unwanted 
terms such as Mq ^(10) ip(10) by hand. Thus, additional symmetries are required to 
make the model natural. 

To summarize, we have found that in the present model the observed solar neutrino 
deficit is explained by different neutrino-oscillation solutions depending on the form of 
the Majorana mass matrix M^. We hope that future experiments will distinguish among 
different solutions and we will be able to approach the structure of the Majorana mass 
matrix for the right-handed neutrinos. 
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A The mass matrices in the model 

In this appendix, we give a detailed derivation of the mass matrices in the model, clari- 
fying a phase convention we have used. 

The model contains matter fields $(16), if} (10) and Higgs fields if (10), if (16). After 

8 Under the charge assignment of Table [|, the mass M in Eq. (|J) should be 10 17 GeV. On the other 
hand, if ip(10) has the U(l) x charge 1, M should be the GUT scale, 10 16 GeV. 
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the spontaneous breakdown of SO(10)gut to SU(5), these fields decompose as 



flOi 
10 2 
10 3 

5^ 



5*' 

c*/ 

°2 

K*' 

°3 



+ 
+ 



ll 
1 2 
1.3 



Vi(16) 
^2(16) 
^3(16) 
^(10) 



(33) 



10 



Jf(18) 



+ 5 



-f {10) 

t H(ie) 



+ 1 



H(16) 



#(10), 
H(16). 



(34) 



The original Yukawa couplings are given by the superpotential Eq. @ and the Ma- 
jorana masses for the right-handed neutrinos by Eq. (|l^). At this stage, the quark and 
lepton masses are written as 



W 



1 



iOiio 2 io 3 ; 



fh 1 (5 H ) 
h 2 {5 H ) 

h 3 (5 H ) 




+ (10 1 10 2 10 3 ) 





(hi (5^ (10) 



(h x {b H ) 



ho (5 



V 



Jf(10) 




+ U1I2I3 



+ 2 (I1I2I3 





h 2 (5 H ) 
V h 3 (5 H ) 

'MrJu M r j 12 M r j 13 

Mr J21 Mr J22 M/JJ23 
Afsjai MrJ 32 MrJ 33 




\ 






5*' 


) 


US7 



(35) 



in terms of SU(5) language. Here, fa = j\j /\j 33 \ and Mr is given as Mr = \j 33 \ V 2 /Mq. If 
we assume that the Majorana mass matrix is proportional to the unit matrix, j\j — j 
in the basis that the original Yukawa couplings are diagonal, and Mr are reduced to 
j tj = 5ij and Mr = j V 2 / Mq. 

The superpotential Eq. @ mixes "0(10) with ^(16). This term can be written in 
terms of SU(5) language as 



W 



|/i| 2 + |/2| 2 +|/ 3 | 2 (x(16))5*5 



(36) 



where 5* is a linear combination of 5*', 5* = £f=i fie ir > 1 5*'/ y|/i| 2 + I/2I 2 + li^l 2 - We 
call remaining two linear combinations 5\ and 5 3 . The fields 5*, 5^ and 5 3 are related 
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to 5*' by a unitary transformation. Thus, using arbitrariness of defining 5^ and 5g and 
phases of the fields 5*, 5* and 5g, we can write this relation as 

IK 



/e 



r.* 1 
°2 

*/ 



\5 



V 



— iS\— 182 













f cos «i — sin ai 


e 


-i<5i+i<52 Q 


) 


sin a\ cos a\ 






e 2iSl , 




V 






( COS C*2 





e -«<s 3 g j n a ^ \ 









1 









^ —e tS3 sin «2 





COS «2 / 


Us 



(37) 



without a loss of generality. Here, at, «2 and 5j are functions of /j and 7/j. Note that 5* 
receives a GUT scale mass together with 5^ by Eq. fl36|), so that the low-energy quark 
and lepton fields belonging to 5* of SU(5) are 5*, 5g and 51. 

The ^(10) is coupled with Higgs and ^(16) by superpotentials Eqs. ( |TT| [T5|). Then, 
from Eqs. (^, [Hp we obtain down-type quark (charged-lepton) mass matrix M10-5* and 
neutrino Dirac mass matrix M 1 _ 5 * defined by 



W = ( 10i 10 2 10 3 ) M; 



10-5* 



+ (1 1 1 2 1 3 )M 1 _ 5 . 5! 



(38) 



as 



M- 



10-5* 



-2<5l— 2(^2 



sin ai & (5^ (16) ) e^ 1 /ii (5^ (10) ) e 



^2 (5^(10 



(loj/e-^+^cosot! ^ 2 (5| f(16) )e i ^ fc 2 (5^ (10) ) e"^— ""sm-nsiu,.. 



V 







9* 



181—182 — i&Z 
-\-i82 —183 

h 3(5*H(10)) e2iSl COS «2 



cosai sin a 2 \ 



Mx_ 5 

/ia (5^)e- 4<5l+i(52 



/ii (5h> e^ 1 "^ 2 sin«i fc x (5#) ^e^ 1 /i x (5 H ) e"-* 1 cosm , sid n 2 



cos«i k 2 (5h) 



-i8i+i82—i&3 







/12 (5_ff) e " U1 1 sin on sin a 2 
/13 e 2 ^ 1 cosa 2 



(39) 



SU(5)-5* of the Higgs fields H{10) and H(1Q) are also mixed by the superpotential 
Eq. (^j). One linear combination 5^ gets a GUT scale mass together with SU(5)-5 of 
H(1Q*) and the other combination 5* H remains as a massless Higgs in the standard 
SU(5)gut- We can parametrize these fields as 



5ff(10) 
5#(16) 



cos 9 — sin 9 
sin cos # 



(40) 
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where tan# = — XV/ M. That is, 



5ff(10) 



cos 9 (tiff) , 
sin 6(5* H ) . 



H(16) / 

and combining with Eq. 



Substituting Eq. (gT|) for Eq. 
mass matrices. Defining 

m u = hi (5 H ) , m c = h 2 (5 H ) , m t = h 3 (5 H ) 

the quark and lepton masses are written as 

W = 



(41) 

we obtain complete 



t a n(3=(5 H )/(5* H ), (42) 




-m u e lSl l&2 sin a% mtXdQ 1 
m c e~ lSl+tS2 cos«i Tn t yde 



l<P2d 
J<t>3 



sin ax 

m c e~ %Sl+lS2 cosai 



m t ze 

Sinai m.nr,^ l( t>. ! 
COSOfi 

m t ze 
y 



m t xie 
m t yie 1 ^ 21 



m u e~ lSl ~ lS2 ~ tS3 cosai sina^ 
m c e~ lSl+lS2 ~ l5:i sin a\ sin a 2 

mte 2lSl cos (%2 
m u e~' tSl ~~' l52 ~ tS3 cos ax sin ct2 
m c e~' tSl+lS2 ~' tS3 sin ai sin a2 



m t e 2iSl cos «2 



s 

\b. 
fe 



m t 8 v e iip2 



m u e tSl lS ' 2 163 cos «i sin a 2 
m c e _i<5l+: " 52_l<53 sin a.\ sin a 2 



+ - (i/i z/ 2 z/ 3 



m t 5 z e^ 3 

MrJu M r j 12 M r j 13 \ ( V\ 

M R J 2 1 Mr J22 Mr] 23 

MrJ 31 MrJ 32 MrJ 33 



m t e 2lSl cos «2 



"3 




(43) 



in terms of the SM fields. Here, we have defined various parameters as 



x = 7^ tan#, 

^3 



y = t tan * ' 

^3 



z = ^- tan 6, 
ha 



(44) 



5* = 



fc, V 



(45) 



and taken the effects of nonrenormalizable superpotential Eq. ( |21| ) into account by chang- 
ing (1, 2) and (2, 2) components of the down-type quark and charged-lepton mass matri- 
ces from their original values xe 1 ^ 1 and ye^ 2 . 
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Now, we redefine various SM fields as 



(u, d) 
(c, s) ■ 

(t, b) - 



> (u, d) e i5l+i5 ' 2 
(c, s) e i5l ~ i52 
(t,b) e - 2i5l - l5 '\ 



ue 




ce 



-i<5i — i8'2 



2i(5i+i53 



d — > d 



se 



-i</>3+2i<5i+i<53 



be iS3 . 







1 




-> e 


gii5i— i&2 t 


[?: 


-> z/ 2 < 






e —2iSi—i5 3 


„ ^3 - 









in order to simplify the form of the quark and lepton mass matrices. Then, from Eq. 
we obtain the mass matrices defined by 

/d" 



as 



W 



(uct)M u ( c j +(dsb)M d 

+ ( Z/i Z/ 2 f 3 ) 





z/i f 2 z/ 3 ) Mat I ^2 

^3 



Mi 



M vD 




m u sin «i XdG 



Vde 1 



m c cosai 




m u sin at\ a^e 



m c cos «i 




l/ie 



M 



N 



m t 



Mt 



I —rh u sin ot\ 5 x e ltfix 
m c e i(pi cos«i 5 y e iLpy 
V ^e*** 

Oil Il2 Jl3~ 

J21 J22 J23 
\j31 J32 J33, 



m u cosai sin a 2 
m c sinaisina 2 

COSQ! 2 

rh u cos«i sino! 2 
m c sin a\ sin a 2 
cosa 2 
m M e ,ip " cos «i sin a 2 



m r e 



smai sm«2 



cosa 2 



where m n = m u /m t , rh c = rn c /m t . Here, we have defined various phases as 



*>xd = fad - fa 

fal = fal - fa 



35i + 5 2 + 5 3 , 
35 1 + 5 2 + 5 3 , 



^ - fa + 35i - 5 2 + 5 3 , 
^2/ - 03 + 35i - 5 2 + <5 3 , 
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^x = <pi + 5i-8 2 , ip y = tp 2 + 5i - 8 2 , if z = (p 3 + 8 1 -8 2 , 

ift = 28 2 , ip u = -35i - 8 2 - 28 3 , (51) 
ip v = -38x + 8 2 - 28 3l ip w = -8 3 . 

Note that we have retained the form of Mjy. As a result, not all phases are physically 
independent. The domains of ati and a 2 can be restricted to 

< ai < tt/2, < a 2 < tt/2, (52) 

without a loss of generality by redefining the phases of the SM fields appropriately 
Finally, the mass matrix for the light neutrinos defined by 



"3. 



W = \{viV2Vz)M v I u 2 I . (r>3) 



is given by 

M v = Mj D M^M uD , (54) 

through see-saw mechanism 0. 
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(a) mj/m_u = 1 1 2244, m_t/m_c = 394 
0.008 | 1 1 1 1 

0.007 - 




1 ' ' ' ' ' ' 1 

0.0002 0.0004 0.0006 0.0008 0.001 0.0012 0.0014 



(b) m_t/m_u = 1 1 2244, m_t/m_c = 279 
0.008 | 1 1 1 1 



0.007 - 



0.006 - 




1 ' ' ' ' ' ' 1 

0.0002 0.0004 0.0006 0.0008 0.001 0.0012 0.0014 

x_d 

Figure 1: The parameter region of Xd and where all quark masses and the CKM 
parameters are reproduced. We have set m^ 1 to be 112244 and rh~ l to be (a)394 (central 
value) (6)279 (lowest value). 
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(a) mj/m_u = 1 1 2244, m_t/m_c = 394 



0.9 1 1.1 1.2 1.3 1.4 1.5 1.6 

alphal 



(b) mj/m_u - 1 1 2244, m_t/m_c = 279 



1.2 1.3 
alphal 



Figure 2: The parameter region of ot-y and a 2 where all quark masses and the CKM 
parameters are reproduced. ol\ and a 2 are represented with radians and their domains 
are < ot\ < tt/2 and < a 2 < tt/2. Solid lines denote a± = tt/2 and a 2 = ir/2. We 
have set m" 1 to be 112244 and m" 1 to be (a)394 (central value) (6)279 (lowest value). 
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(a) mj/m_u - 1 1 2244, m_t/m_c = 394 




0.4 0.6 0.8 

z / cos(alpha_2) 



1.2 1.4 1.6 



(b) m_t/m_u = 1 1 2244, m_t/m_c - 279 




0.4 0.6 0.8 1 

z / cos(alpha_2) 



1.2 1.4 1.6 



Figure 3: The mass ratio mb/m s as a function of zj cos a.2- The allowed region is between 
two horizontal lines (32.8 < m b /m s < 56.3). We have set m" 1 to be 112244 and m^ 1 to 
be (a) 394 (central value) (6)279 (lowest value). 
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(a) mj/m_u - 1 1 2244, m_t/m_c = 394 




0.2 0.4 



0.6 0.8 

z / cos(alpha_2) 



1.2 1.4 1.6 



(b) m_t/m_u = 1 1 2244, m_t/m_c - 279 




0.4 0.6 0.8 1 

z / cos(alpha_2) 



1.2 1.4 1.6 



Figure 4: The mass ratio m s /md as a function of zj cos a<i- The allowed region is between 
two horizontal lines (12.7 < m b /m s < 32.2). We have set rh~ l to be 112244 and m^ 1 to 
be (a) 394 (central value) (6)279 (lowest value). 
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Figure 5: The parameter region of x\ and yi where all lepton mass ratios are reproduced 
The hatched region represents that of Xd and given in Fig. p] (a). We have set rh. 
112244 and m" 1 = 394. 
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